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1 ‘ Background



Jll Symmetries/Invariances are Everywhere

* What is symmetry or invariance?
* A property that does not change under some transform

Group: O(2) 4m 3m {Id}



Jll Symmetries/Invariances are Common

* Physics

e Newton’'s Laws: Galilean Transformation

Maxwell’s Equations: Lorentzian Transformation

Special Relativity: FitzGerald-Lorentz-Einstein Transformation

General Relativity: Gauge Invariance

String Theory: Super-Symmetry

Higgs Particle: Local Gauge Invariance of Young-Mills Equation

* Visual Processing — —
e Translational invariance 5
2020 4 . 2020 .
e Rotational invariance Sy 2020 By ¢
* Perspectlve mnvariance ¥ Wy w w Also called equivariance
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. Symmetries/Invariances in PDEs

* PDEs in image processing

< % = ¢I:
ljeo = loje— Input Image
Qa = 0
@ @ '

A K. Jain. Partial Differential Equations and Finite-Difference Methods in Image Processing, part 1. Journal of Optlmlzatlon
Theory and Applications, 23:65-91, 1977.



. Symmetries/Invariances in PDEs

* Learning-based PDEs: translational and rotational invariances
minJ megm:1 fa gjlgo fb gjlfo

LY Z , 1 X6 Z 4 ) 1 X6 Z 4
= 2 [Om(x;1) i Om()Pd- + 5 5 a(tdt+ 5 1) (dt
2 _ ) 2__ 0 ] 2._ 0
m=1 ]=0 ]=0
- o |
O = a (t)inv; (*20); (x;t) 2 Q;
j=0
O = 0 (X;1) 2 ;
Ojt:() = Oqp; X2 -;
26
% 1 = b (t)inv; (O; %; (x;t) 2 Q;
j=0
Yo = 0 (X;1) 2 ;
Yoo = Yo X2-:

(Im;Om) are training samples, where |, is the input image and Oy, is the
expected output image, m = 1;2; ¢¢¢; M .

Liu, Lin, Zhang, Tang, and Su, Toward Designing Intelligent PDEs for Computer Vision: A Data-Based Optimal Control
Approach, Image and Vision Computing, 2013.
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Jll Symmetries/Invariances in PDEs

* Learning-based PDEs: translational and rotational invariances
Table 1: Translationally and rotationally invariant fundamental differential in-
variants up to second order.

i inv;(p, O)
0,1,2 | 1, p, O
3,4,5 | [IVoll® = pz + 05, (Vp)'VO = p, 0, + p,0,, |IVO|* = O3 + O;
6,7 tr(HP) = Pz T Pyy, tr(HO) = Ogz + Oyy

8 | (Vp)'H,Vp = pipi, + 2020402, + P3Py

9 (Vp)'HoVp = p202, + 2p.p, 02, + 0,07,

10 (Vp)thVO = p20zpzz + (Py Oz + p2O0y) pay + pyOypyy
11 (VP)tHOVO = 020,054 + (Pyom + pxoy)oivy + pyOyOyy
12 | (VO)'H,VO = OZpyy + 20,0, p5y + O py,

13 (VO)'HoVO = 020, + 20,0,0,, + OgOyy

14 | tr(HY) = p7, +2p7, + py,

15 | tr(H,Ho) = p2202z2 + 202y Oy + pyyOyy
16 | tr(H3) =02, + 20:%?,, + O:?;y

Liu, Lin, Zhang, Tang, and Su, Toward Designing Intelligent PDEs for Computer Vision: A Data-Based Optimal Control
Approach, Image and Vision Computing, 2013.
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Jll Symmetries/Invariances in PDEs

* Learning-based PDEs: translational and rotational invariances

» Applications in image processing, object detection, text detection, face recognition, ...

e Classifier
"

\
%

(f) Text confidence map

* t=(N-DT/N =T (Feature)

t=0 (Input) =T/N

Liu, Lin, Zhang, Tang, and Su, Toward Designing Intelligent PDEs for Computer Vision: A Data-Based Optimal Control
Approach, Image and Vision Computing, 2013.
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Jll Symmetries/Invariances in PDEs

 Learning-based PDEs: connections to DNNs

Vector Institute: Neural ODE
Residual Network
5

ODE Network
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hiy1 =h,+ f(h,6;) <= (t)

ODE is insufficient as it only considers temporal

relationship. A more complete theory should be
based on PDE!
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2 ‘ Related Work



Jll Group Equivariant CNN’s

* Convolution is translational equivariant —] )
* Group equivariance: 2o g 2020
v v
Ulmy[f]] = mg [ f]], C [
where g € GG and G is a translation group. S s j

But convolution is not rotational equivariant!

Use a larger group G that contains both translation and rotation!

Cohen and Welling. Group Equivariant Convolutional Networks. ICML, 2016. .



Jll Group Equivariant CNN’s

» Using correlation instead of convolution

] ( Zka Wiz —y). T[] ( szk ~ z).
y€eZ? k=1 yeZ2? k=1

G-Equivariant correlation: If one employs convolution in the forward pass,

e The first layer of a G-CNN: the correlatior.l will apPear in the l.)ackward pass
when computing gradients, and vice versa.

f*¥l(9) =D frlwvr (97'y)

i A feature map is a function on group.
y€e

e For all layers after the first:

Fel(g) =D > felh)n (97" h)

e Equivariant on group G:

[Luf]* 9] (9) = [Lulf * )] (9) Luf](g) = f(u™"g)
Cohen and Welling. Group Equivariant Convolutional Networks. ICML, 2016. b



. Group Equivariant CNNs
P Eq

* The feature map defined on G = p4m

/’\ BN

mr mr> ﬁ—‘
”E’H m
rmrm r3m

A 2N 72

r2m = mr? r2m = mr?

can only deal with a 4-fold rotational symmetry %

Cohen and Welling. Group Equivariant Convolutional Networks. ICML, 2016. 14

2D lattices with symmetry




]l Follow-up Works

» Exploit more symmetries

e Zhou et al. utilized bilinear interpolation to help produce feature maps at different
orientations.

* Weiler et al. employed harmonics as steerable filters to achieve exact equivariance w.r.t.
larger groups in the continuous domain.

However, these methods cannot preserve strong equivariance in the discrete domain.

e In our work,
* We use partial differential operators (PDOs) to design a system equivariant to E(n).

* We use numerical schemes to discretize this system and obtain PDO-eConvs, which
achieve a quadratic order equivariance approximation in the discrete domain.

Zhou et al. Oriented Response Networks. CVPR, 2017.
Weiler et al. Learning Steerable Filters for Rotation Equivariant CNNs. CVPR, 2018. "



Jll Mathematical Framework

e The Euclidean group E(n) = R™ x O(n). We use (x, A) to represent the
element in F(n), where x and A represent a translation and a orthogonal
transformation, respectively.

e Actions on functions:

— For inputs r defined on R and A € O(n):

Ve € R, W%[T]({E) =r(A 'z).
— For intermediate feature maps e defined on E(n):
Va € E(n), 7%[e](a) =e(A 1 a),
1.e.,

Wg[e](x,A) —e(A 1z, A7 A).

Shen et al., PDO-eConv: Partial Differential Operator Based Equivariant Convolutions, ICML 2020. o



Jl Group Equivariant Differential Operators

o H(uy,us, - ,u,;3) is a polynomial of n variables parameterized by (3.
As a polynomial of PDOs, H (8%1, 3872, ey %; () is a linear combination
of PDOs parameterized by (3. e.g., if H(u) = u2, then H(%) _ %

e We use orthogonal matrices to transform these PDOs

0 0 0
X(A)ZH( - ;B),

PRI RPNy
A) _ 41
where v = 47ty
T .
0 0 0 _ 410 0 9\
0z 92N T oY B Ory’ Oxy’ Oxy, v =
and A is an orthogonal matrix. g Ne

Shen et al., PDO-eConv: Partial Differential Operator Based Equivariant Convolutions, ICML 2020. Y



ll Two Key Differential Operators

e we use V¥ to deal with inputs, which maps an input r defined on R™ to a
feature map defined on E(n):

V(z,A) € E(n), ¥lr](z,A) = xV[r](x).

e we use P to deal with the intermediate feature maps, which maps one
feature map e on E(n) to another feature map defined on F(n):

V(@A) € B(m), Dfel(e.4) = | X [ee, AB)v(B),

e Equivariance:

O |xBr)| =2 [0l @ |7Ele]] = 7% [®fe]).

It can be easily extended to subgroups G' C E(n).

Shen et al., PDO-eConv: Partial Differential Operator Based Equivariant Convolutions, ICML 2020.
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Jll Discretization

e Choice of H:

We can translate a 3 x 3 convolutional filter to a differential operator

D :/81 + 6283: + /838y + /8483:w + /85833,9, -+ Bﬁﬁyy
+ /878:1:3:'9 + /888myy + /Bgaa;a;yy

So we choose

H(u,v; 8) =B1 + Bou + B3v + Bau® + Bsuv + Lev”
+ Bruv + Bsguv? + Bouv?.
e Choice of group G: pn or pnm on the 2D plane.

e We use numerical schemes of PDOs to discretize the differential operators.

e Usage of PDO-eConvs: replace conventional convolutions by PDO-eConvs.

5x5 filters are sufficient! The approximation error is of the second order!

Shen et al., PDO-eConv: Partial Differential Operator Based Equivariant Convolutions, ICML 2020. o



Jll Experiments

e MNIST-rot is the most commonly used dataset for validating rotation-
equivariant algorithms. It contains the handwritten digits of the classical
MNIST, rotated by a random angle from 0 to 27 (full angle).

Method Test Error Method Test Error
H-Net 1.69 OR-TTPooling 1.54
RotEgNet 1.09 PTN-CNN 0.89
E2CNN 0.716 SFCNN 0.714

PDO-eConv (ours) 0.709

Comparable result with SFCNN using only 10% parameters (0.65M vs. 6.5M) and much less
computational cost (5x5 vs. 7x7 & 9x9).

Shen et al., PDO-eConv: Partial Differential Operator Based Equivariant Convolutions, ICML 2020.
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Jll Experiments

e Natural image classification: CIFAR-10/100

Method G Depth | C10 C100 | params
ResNet 77 26 11.5  31.66 | 0.37TM
HexaConv p6 26 9.98 - 0.34M
pbm 26 8.64 - 0.34M
PDO-eConv (ours) p6 26 5.65 27.13 | 0.36M
pbm 26 5.38  27.00 | 0.37TM
ResNet /e 44 5.61  24.08 | 2.64M
G-CNN pdm 44 494 2319 | 2.62M
PDO-eConv (ours) P8 44 3.68  20.01 | 2.62M
ResNet 77 1001 | 492 2271 | 10.3M
Wide ResNet /i 26 4.00 19.25 | 36.5M
G-CNN pdm 26 4.17 - 7.2M
PDO-eConv (ours) | p8 26 3.50 18.40 | 4.6M

PDO-eConvs can be viewed as introducing a weight sharing scheme across channels in Wide
ResNet, which can not only save parameters, but also improve the performance remarkably.

Shen et al., PDO-eConv: Partial Differential Operator Based Equivariant Convolutions, ICML 2020. 2



Jll Thank you!

* My webpage: https:/ /zhouchenlin.github.io
* ZERO-lab webpage: https:/ /zero-lab-pku.github.io
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