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Graphs Everywhere
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Information networks:

Web & citations Internet Networks of neurons

Jure Leskovec, Stanford CS224W: Analysis of Networks




What 1s Graph Matching

Graph Matching finds node correspondence among
graphs.

Yan, Cho, Zha, et al. “‘Mqlti-GraEh Matching via Affinity Optimization with Graduated
Consistency Regularization.” IEEE T-PAMI 2016.




Node correspondence by an
assignment matrix

Assume one-to-one correspondence Solution: assignment matrix, i.e.
a partial permutation matrix

X*

1 5 x4
ot

i

C

5 detectel¥ features 4 detected features
\ X € {0,1}5%4

Sift feature X1<1 XT'1=-1
CNN feature —




Node-wise linear assignment
problem

Linear Assignment Problem

@ fb ’a\ max tr( X/E)

s.t. X &70,1}°%4
X1<1, XT1=1

Node-to-node
affinity/cost matrix

Hungarian Algorithm
(Kuhn & Munkres, 1955)
Hf‘ _f H Global optimality is ensured by
Cop = ©X (_ 8 L2 ) 0O(n”3) time complexity where n is the number of nodes
ot P 2D




Edge-wise graph matching

Build graph by Delaunay Triangulation

Edge Similarity

Edge
Similarity

1st-order Feature (eg. Local Texture)

Feature Matching (linear)

_|_

2nd-order Feature (eg, Edge Length)

Graph Matching (quadratic)




Graph matching: a combinatorial
optimization formulation

Node Similarity Edge Similarity

K, K,

Affinity Node Compatibility Edge Compatibility
maximization
m)%x Zwili? H:gl?é u Z LirizTja g2 Rg(’ihh)c(iz,jz)
112 (21,J1)EE1L

(i2,j2)EE2 Node-Edge Index

Cs.t. Xe{0,1}° X1<1, X'1=1

S. Gold and A. Rangarajan, “A graduated assignment algorithm for graph matching,” IEEE Transaction on PAMI, 1996

Steven Gold A. Rangarajan




A more clean writing by an
affinity matrix

Affi n|ty matrix: K (Leordeanu & Hebert, 2005)

20 x 20
Edge-to-edge relations ﬂ

o-4

M. Hebert

M. Leordeanu and M. Hebert, “A spectral technique for correspondence
problems using pairwise constraints,” in ICCV, 2005




Node-to-node affinity

K (Diagonal)

20 x 20




Edge-to-edge affinity

K (Off-Diagonal)

20 x 20




Quadratic Assignment Problem

max vee( X)) K |vec(X))

s.t. X e {0,1}°>4
X1<1, Xf1=1

NP-hard

Branch-Bound
Koopmans & Beckmann, 1955
Lawler, 1963
Loiola et al, 2007




Spectral Approximation

ec(IX )™ ec PN
max v (X)) K |[vec(|X)) =
X ¢ [9 ;}5 4
8. 1. ’ * Spectral Method : a
X] _< ], XT] — ] is Faster M. Leordeanu M. Hebert
[ vee(X)||3 = 1
Faster
Not Tight Not Discrete
T. Cour

M. Leordeanu and M. Hebert, “A spectral technique for correspondence
problems using pairwise constraints,” in ICCV, 2005
P.S. T. Cour and J. Shi, “Balanced graph matching,” in NIPS, 2006




Double-stochastic Approximation

S. Gold & Rangarajan, 1996
Cho et al, 2010

+ Leordeanu et al, 2009

- max vec(|X )T K [vee(X))

Not Convex
(K is Indefinite)

s.t. Xefoixd X € [0, 1]°7
X1<1, Xf1=1

Slower Not Discrete

~

Gradient Method
is More Accurate

i)

S. Gold A. Rangarajan M. Cho K. Lee M. Leordeanu M. Hebert  R. Sukthankar

S. Gold and A. Rangarajan, “A graduated assignment algorithm for graph matching,” IEEE
Transaction on PAMI, 1996

M. Cho, J. Lee, and K. M. Lee, “Reweighted random walks for graph matching,” in ECCV, 2010
M. Leordeanu, M. Hebert, and R. Sukthankar, “An integer projected fixed point method for
graph matching and map inference,” in NIPS, 2009




Matching more than two graphs

More practical problem, with more information to use
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E&Il:::r;sfmf::gt (b) Most similar exploration results Cartographlc data “ x"* tQ‘ . 3
Graphical object query and Info fusion PRL'97 3-D weak reconstruction
ICCV’15

indexing, shape analysis

SIGGRAPH’12
Exploring collections of 3D models using fuzzy correspondences, SIGGRAPH 12

Multiple Graph Matching with Bayesian Inference, Pattern recognition letters’97
Multi-Image Matching via Fast Alternating Minimization, ICCV’15




Existing multiple GM methos

Main categories

v' Designate one of the graphs as the reference, and match
all the others to the reference graph

A. Sole-Ribalta, F. Serratosa, Models and algorithms for computing the common labelling
of a set of attributed graphs, CVIU 2011

v Compute pairwise matchings, based on which improve
overall accuracy

D. Pachauriy, R. Kondorx, V. Singh, Solving the multi-way matching problem by
permutation synchronization, in NIPS 2013

Y. Chen, G. Leonidas, and Q. Huang. Matching partially similar objects via matrix
completion. In ICML, 2014

v" One-shot multiple feature set (not graph) matching

Z. Zeng, T. H. Chan, K. Jia, and D. Xu. Finding correspondence from multiple
images via sparse and low-rank decomposition. In ECCV, 2012

X. Zhou, M. Zhu, and K. Daniilidis. Multi-image matching via fast alternating
minimization. In ICCV, 2015




Composition based Affinity
Optimization

XY = XX
Key 1dea: efficiently generate new
candidate solutions by composition

Find higher affinity score

k* = arg Iﬁ?;x J(X{L-l]xg-l}) solution via composition

Mother Father
Affinity \ J
Interpolatin
T p g
max vec(X)" Kvec(X) eraph (Son)
) — arg max Z AngEC[xij}TKijVEC{KT;j} G1->G2

ij=1,2,....N

G1->G8- >G2\/

st. Xijla=1, 1.Xy=1, X=X, e{0,1}"




A simple & general algorithm

Still only local two
graphs are involved in

Proposition 1. Alg.1 (CAO) is ensured to converge to a
stationary configuration X* after a finite number of iterations.

evaluation function J i

Algorithm 1 Ccnmpositiun based Affinity Optimization CAO

1:

Local Modehng
noise error |

= A _ _IIfs —ft||z
.:"' o g— Cst = €XP

o2 D

REqUITE {KIJ};:_I J=i+1” T v € (U 1)

Perform pairwise matching to obtain initial x().

T
Ealculate »} ; il veeX()) Kijvee(X;);
ort=1 0

for — =%
update XE;) = X (t- ”X(t Y by Solvmg Eq.4;
end for ~
end for = argmax J(X\E ”X{t )y

if C(X") =1, return X* = XV;

Post-processing
For enforcing overall | <
consistency




Recall over fitting in machine
learning

- Affinity score (noise, bias) <-> Empirical term (noise, bias)

- Consistency score <-> Regularization term

Y

O Data
~2nd Order Fit
—10th Order Fit —Target

ax N

* o €Ho
* gio € Hio
e Ein(g10) < Ein(QZ) for sure

overfit measure Eou(g10) — Eout(g2) J




Cycle consistency as regularizer

Consistent matchings Inconsistent matchings

ration X, for any pair G; and G;, the pairwise mnszstency IS

dl?ﬁﬂfd as Gp XEJ,?X) -1 = EL 11X ;if ik Xk j "Ff?

Definition 2. Given graphs (G} v, and matching configu- p

[ Decide the updating order of X, in ascending order of C (X;,X

ij’

@ (X%”X) — 1 2 k=1 ||thn§1kxk3”b"/2 c (0? 1]




Gradually consistency-weighed CAO
(TPAMI,]_G) Y[.t—llj _ x(_t-l}x(fl-n

k* :argnf}rlx(l—)u)f( (t—1) )+ AC,(Y Y- x(t-D)

> L1 zk_j ikj

Affinity term | Consistency score

Algorithm 2 Composition based Affinity Optimization via
Graduated Consistency Regularization CAQ-C Cansistency

Require: {Kz-j}f‘__llez_H, T, \T0) = N0 fx®1To=1 — )
Perform pairwise matching to obtain initial Xm},
2: Calculate J'% = Zf":lljiﬂ vec(X“ :') KUVE{:(XE?);
3: fort =1:T do

4 foralli=1,2,.... N—-1;j=i+1,...,N do

5: update X(t Xﬂ Y XE:J Y by sulvmg Eq.7;

6: end for
7
8
9

[a—

if t > T, |AY = min(1, BAFD); Gradually added
: end for
: Perform the same post-processing as in Alg.1 (L9-13).

Yan, Cho, Zha, et al. “Multi-Graph Matching via Affinity Optimization with Graduated
Consistency Regularization.” IEEE T-PAMI 2016.




Outline

- Introduction

- Background: Learning on Graph Matching
- Embedding approach for Deep Graph Matching
- Other techniques

- Outlook




Learning Matching Function

A matching function with learnable weights:
learnable weights

90 (G1,G2) = argmax (w, ®(Gq, G2, 7))
¥

matching result  node/edge affinities

- Share weights for affinities in ®(G4, G,, T);
- G1,G, are built on labeled images.
Loss function:
L= ) A(9(606,)¥%7) + 29(w)
ij y b

empirical term regularization

Caetano et al., “Learning Graph Matching.” TPAMI 2009.




Learning Graph Structure

A reference graph model (G) is learned for each category
of object.

Matching function reference graph

90(G,G') = argmax (w, ®(G,§’, m))
T
- Multi-dimensional weights for ®(G, G', m);
- a;,a;j of reference graph are learnable;

- Input graph G’ is matched to learned graph model G;
- Graph learning is solved under SSVM.

¥ "' = , , e
(c) a learned graph model and its matching

Cho, Alahari, and Ponce, “Learning Graphs to Match.” ICCV 2013.




Learning Matching Features:
Deep Learning of Graph Matching

Combination of CNN and graph matching.

Matching Offset Loss

=
B Fixed

* Leordeanu and Hebert, “A Spectral Technique for Correspondence
Problems Using Pairwise Constraints.” ICCV2005.

- End-to-end training with back propagation;

- First formulation of deep learning in graph matching.

Zanfir and Sminchisescu, “Deep Learning of Graph Matching.” CVPR2018.




Deep Learning of Graph
Matching

Image
1
Image
2

Limitations

Matching Offset Loss

=

B Fixed

- Performance bottleneck (SM is not a sota GM solver);

- High computational cost;

- Offset loss failed to exploit the combinatorial nature of graph matching;

- Failed to model matching in deep learning (only CNN features are
learned).

Zanfir and Sminchisescu, “Deep Learning of Graph Matching.” CVPR2018.




Spectral Matching (SM)

pob Y

Graph 1 Graph 2 Association Graph ]

Leordeanu and Hebert, “A Spectral Technique for Correspondence
Problems Using Pairwise Constraints.” ICCV2005.




Spectral Matching (SM)

Matching of two graphs:

find clustering in association
graph

(Still NP-hard)

Solved approximately via
spectral method:

maxx! Kx, s.t. x> =1
X Association Graph

Equivalent to finding
maximum eigenvalue of K.

Leordeanu and Hebert, “A Spectral Technique for Correspondence
Problems Using Pairwise Constraints.” ICCV2005.




Offset Loss (regression)

The offset loss adopted, 1s based on a metric named
“displacement vector”

position in position in
source target
displacement
vector
Source Target
Image Image

The predicted “displacement vector” is computed by
weilghted votes from all predictions.




Permutation 1s not regression

Ny 4 ‘-

Sy AR W . LA . - e,
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Loerm =5.139, Loxr=0.070

Figure 1. Failure case of offset loss: source image (left) and target
image (right) with matching candidates, where numbers denote the
probability of predicted matching. The two corresponding nodes
are colored in rose (only receives 0.05 probability by this poor
prediction). Offset loss is computed by a weighted sum among all
candidates, resulting in a misleading low loss 0.070. Our permu-
tation loss, on the contrary, issues a reasonably high loss 5.139.
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Learning Combinatorial
Embedding Networks for
Deep Graph Matching

Runzhong Wang, Junchi Yan* and Xiaokang Yang

ICCV’19 Oral/TEEE TPAMI 2020 https://arxiv.org/abs/1904.00597
Project website: http://thinklab.sjtu.edu.cn/IPCA_GM.html

Code: https://github.com/Thinklab-SJTU/PCA-GM



https://arxiv.org/abs/1904.00597

PIA-GM:
Permutation loss & Intra-graph

Affinity

Image
1 o
Sinkhorn Pernﬁutatlon
Image ——
- O

B Fixed
- Intra-GNN models graph affinity features;

- Sinkhorn layer solves correspondence efficiently;

- Permutation loss provides strong supervision for
combinatorial problem.

CNN feature for each extracted
feature point in image ¢

Output vector for each feature
point




Intra-GNN

Intra-GNN i1s mainly inspired by Graph Convolutional
Network (GCN)

Feature aggregated from adjacent nodes.

‘ updated node
O adjacent node
<— aggregation path

Graph structure — Embedding vectors.

Kipf and Welling, “Semi-Supervised Classification with
Graph Convolutional Networks.” ICLR 2017.




Intra-GNN

Intra-GNN i1s mainly inspired by Graph Convolutional
Network (GCN)

Feature aggregated from adjacent nodes.

fno{d\ri ’; E

' updated node
© adjacent node
E <— aggregation path

Iterate over all nodes.

Kipf and Welling, “Semi-Supervised Classification with
Graph Convolutional Networks.” ICLR 2017.




Intra-GNN

Intra-GNN is mainly inspired by Graph Convolutional Network (GCN)

Feature aggregated from adjacent nodes.

fnode

I"ng"ﬂ

‘ updated node

O adjacent node
<— aggregation path

msg

E

frnode and fys4 are neural networks and weight-sharing among all nodes.

// intra-graph aggregation Eq. (5, 6, 7) . ) 3 ) ) e )
for k « {1,2,3} do Kipf and Welling, “Semi-Supervised Classification with

L {hii)}  GConvy(A.. {hlu_;—l}}): Graph Convolutional Networks.” ICLR 2017.

ST




Distance Metric

The similarity (distance) between two vectors from the
feature space of the output of GNN, is learned.

s(x;,x;) = exp(x] Ax;)
Where A is the matrix with learnable weights.

Exponential function enforces non-negativity of s
(required by the later Sinkhorn step).




Sinkhorn Algorithm

Non-negative matrix — Doubly stochastic matrix Sum
Sum
030501 ]0.1| 1
3 10| 1 3 | 17
Row-Norm Row-Norm
4 | 4 12| 6 I I I I 02010601 1
412129 Col-Norm Col-Norm 0410102103 1
16| 11523 o
um
Sum 12 22 16 33 0.1/03]0.1]056]| 1

1 1 1 1

Sinkhorn solves Linear Assignment Problem (LAP) in 0(knm), and is
capable for back propagation.

- k: number of iterations; n X m: matrix size

Sinkhorn and Knopp, “Concerning Nonnegative Matrices and Doubly Stochastic Matrices.”




Permutation Loss

0.3/ 05/]0.10.1 1,000
-ent

0.2101/]06]0.1 Cross-entropy olo!l 1! o0

0.4]01]02] 0.3 0O/ 1,010

0.1]/0.3]0.1]0.5 ol ol ol 1

prediction S ground truth §9¢

1
Lperm = NE [Sg't 1OgSij + (1 o Si%t) lOg(]_ o Sij)]
ij

Permutation loss is the inherent choice of combinatorial problems
like graph matching.




PCA-GM:
Permutation loss & Cross-graph

Affinity

Image
1 .
Sinkhorn Permutation
Image Loss
- 0

B Fixed

Cross-graph GNN is adopted to aggregate features
across graphs.




Cross-GNN

Features are aggregated from nodes with similar features
across graphs.

‘ updated node (in Graph 1)
O source node (in Graph 2)
<— aggregation path




Similarity Prediction

ath is defined by cross-graph similarity, computed

The cross-graph aggregation pI
hallower layers.

from feature vectors from s

; ;
: E

Graph 1 Graph 2 ‘ reference node

Given two graphs to be matched. Consider each node in Graph 1.




Similarity Prediction

ath is defined by cross-graph similarity, computed
lower layers.

The cross-graph aggregation pI
from feature vectors from sha

‘ updated node (in Graph 1)

<> gsimilarity metric

Evaluate the similarity between the reference node and all nodes in Graph 2.




Similarity Prediction

ath is defined by cross-graph similarity, computed
lower layers.

The cross-graph aggregation pI
from feature vectors from sha

‘ updated node (in Graph 1)

<> gsimilarity metric

The similarity scores, s;j, 1s stored into n X m matrix.




Similarity Prediction

ath is defined by cross-graph similarity, computed
lower layers.

The cross-graph aggregation pI
from feature vectors from sha

‘ updated node (in Graph 1)

<> gsimilarity metric

Similarity s;; is transformed into weights w;; by Sinkhorn.




Cross-graph Aggregation

‘ updated node (in Graph 1)

source node (in Graph 2)

Graph 1 Graph 2

<— aggregation path

Features are aggregated through the weighted
predicted path, in the previous step.

Self-loop 1s reserved in cross-graph aggregation.




Cross-graph Aggregation

Graph 1

// first intra-graph aggregation Eq. (5, 6, 7)
bV} « GConv (A, {h'V});

// similarity prediction Eq. (15, 18)

build M from {h ) g;}} by Eq. (15);

S « Smkhnm(M (0));

// cross-graph aggregation Eq. (10, ll 12)
{h{h}} 4 CrossConv(S, {h}}’ } {h })
{h } « CrossConv(ST, {th . {h }

I/ '-;ccond intra-graph aggregation Eq. (5, 6, 7)
(W} « GConva (A, {h'P'});

Graph 2 ‘ updated node (in Graph 2)
source node (in Graph 1)

<— aggregation path

Aggregation steps are repeated for every node
in Graph 2.




IPCA-GM:

Permutation loss & Iterative
Cross-graph Affinity

y Intra- I : Permutation
| GNN Sinkhorn Loss

B Learnable

Cross-graph GNN is updated iteratively. E ﬂlexrea(iive Path

e N




Comparison

| | GMN (Zanfir et al. CVPR2018) | PCA-GM (Ours)

Graph Performance bottleneck of SM  Deep GNN embedding model with
Modeling cross-graph aggregation

\I BTt High computational cost of SM:  Sinkhorn algorithm:
Solver 0(km?n?) time complexity 0 (kmn) time complexity

Loss Offset loss: Permutation loss:
IR en o Weaker supervision. Stronger supervision and inherent
choice of graph matching.

Learned Only CNN features CNN features, graph affinities
Features




Result on Synthetic Dataset
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« Our method (PCA) is robust - Our method (PCA) is robust
to noise. to the scale of graphs.




Result on VOC Keypoint

GMN (Zanfir et al.) SM Offset loss 55.3
GMN-PL SM Perm loss 57.9
PIA-OL Intra-GNN Offset loss 61.6
PIA Intra-GNN Perm loss 63.0
PCA Cross-GNN Perm loss 63.8

VOC Keypoint dataset contains 20 categories of instances, labeled with keypoint
coordinates.

Our method outperforms deep learning peer method GMN (Zanfir et al. CVPR
2018).




Result on WillowObject

HARG-SSVM (Cho et al.) 91.2 44.4 58.4 55.2 66.6
GMN trained on VOC 98.1 65.0 72.9 74.3 70.5
GMN finetuned on Willow 99.3 71.4 74.3 82.8 76.7
PCA trained on VOC 100.0 69.8 78.6 82.4 95.1
PCA finetuned on Willow 100.0 76.7 84.0 93.5 96.9

Our method outperformed non-deep learning method HARG-SSVM (Cho et al.
ICCV 2013).

It also shows that the learned knowledge can be efficiently transformed among
different datasets.




Ablation Study

v v v v
v v v X
v v X X
v X X X
X X X X

Ablation study is performed on VOC Keypoint dataset.

63.8

63.6

62.1

54.8

41.9




Generability Study

PCA Accuracy (diag: 65.4, all: 52.4) PCA-OL Accuracy (diag: 61.0, all: 52.2) GMN-PL Accuracy (diag: 45.1, all: 39.1) GMN Accuracy (diag: 40.2, all: 40.5)

bottle IR 38.1 246 23.9 28.0 El%)

CGReN 43.5 41.1  28.7 | 29.4 | 27.3 [N 79.7 | 67.8 EERN pRXl 322 71.7 bottle 29.4 | 22.9 | 17.6 | 20.7 | 15.6 | 21.1

bottle [RENNSY

bus .3 EGEN 39.7 384 27.0 32.8 316 642 bus 33.0 25.3 OGS bus | 26.4 bus
g car z CONGERE 46.0 295 36.9 n 62.1 2 r| 39.5 34.2 56.6 B car 28.2 422 2 2
=) S =) S
g 4 : g g
s cat 38.1 55.1 40.2 KRNl 21.4 30.8 61.0 5 ot 39.6 57.6 41.7 g8 30 61.6 S o 19.6 34.0 31.5 jEH] 2
o o o o
= Sl =] o o
- r | 39.8 .2 44.0 39.5 ISEKCN 33.8 FVE N 57.8 | £ chair | 41.1  56.6 S chair | 27.4 | 41.3 JEEKUN 26.1 g «
=] = =]
‘s s s 5
b S i et il
2] N 45.7 29.1 GBS B dog | 43.0 N 56.7 | 34 5 B dog | 25.4  39.2 JEEX 8Bl 27.4 | 30.3 | 34.7 B dog
sofa | 49.2 | 59.7 47.5 44.8 28.4 | 39.7 EIK AN sofa | 54.6 44.2 d sofa | 26.4 | 41.3 EEySc) 254 26.9 | 35 fy 28.2 08 244 25.0 26.4 26.9
train | 36.8 41.0 423 253 343 30.5 [l train | 37.3 40.6 46.8 3 82.2 POV Rl 37.7 | 27.8 | 27.7  26.3 | 31.7 | 71./ [y 26.8 | 44.0 35.6| 27.0 | 27.0
bottle bus car cat chair dog sofa train bottle bus car cat chair dog sofa train bottle bus car cat chair dog sofa train bottle bus car cat chair dog sofa train
Testing category Testing category Testing category Testing category

Confusion matrix on 8 categories of VOC Keypoint dataset.

Result shows PCA learns generable knowledge among
similar categories (like cat and dog).

0.65

method | aero bike bird boat bottle bus car cat chair cow table dog Thorse mbike person plant sheep sofa train @ tv |mean

GMN | 319 472 519 408 687 722 53.6 528 346 486 723 477 548 510 38.6 751 495 450 83.0 863
GMN-PL | 31.1 462 582 459 706 764 612 617 355 537 589 575 569 493 34.1 775 57.1 536 832 886
PIA-OL | 39.7 57.7 586 472 740 745 62.1 66.6 336 617 654 580 671 58.9 419 777 647 505 8L.8 899
PIA | 41.5 558 609 519 750 758 596 652 333 659 628 627 677 621 429 802 643 595 827 90.1
PCA | 409 550 658 479 769 779 635 674 337 655 636 613 689 628 49 775 674 575 867 909

55.3
57.9
61.6
63.0
63.8

Table 2. Accuracy on Pascal VOC Keypoint. Note after replacing the offset loss by the permutation loss, the GMN-PL outperforms GMN

[51] almost in all categories. While our method PIA’s performance degenerates when its permutation loss is changed to offset loss.




Neural Graph Matching
Network: Learning Lawler's
Quadratic Assignment Problem
with Extension to Hypergraph
and Multiple-graph Matching

Runzhong Wang, Junchi Yan* and Xiaokang Yang
Accepted to IEEE TPAMI 2021
https://arxiv.org/abs/1911.11308



https://arxiv.org/abs/1911.11308

Ove rVi e W Our pipeline includes end-to-end learning of:

- Neural Graph Matching (NGM)
- Neural Hyper-Graph Matching (NHGM)
- Neural Multi-Graph Matching (NMGM)

Especially, NGM is the first learnable solver for QAP

. . two-graph
embeddings  Sinkhorn ap

matching
_‘1_ N S BS—
[ | Multi- -graph Matching F
-~ F5i
| Ho Ho‘ | St
X _J 3
' RH ' il @
| Ho | 55l
’ l ®. : . ELW |
‘[L &) NMGM | affinits tenisce association | arifbeddigs : permutation joint matching
| Y hypergraph | =" | synchronization matrix




Neural Graph Matching
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affinity matrix  association graph |, embeddings  Sinkhorn
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Learning Feature Learning QAP

- Joint learning on CNN feature and QAP solver

- Problem solved effectively via deep embedding on
association graph

matching




Association Graph

- Graph Matching Problem — Classification on Association Graph

K1a:2b

la (2¢) (1b)
2b (1¢) (2a)

- Node-node affinity — node in association graph
- Edge-edge affinity — edge in association graph

M. Leordeanu and M. Hebert, “A spectral technique for correspondence problems using
pairwise constraints,” in ICCV, 2005




Embedding based Classifier
(QAP Solver)

- Efficient node embedding on the association graph

r :
| Lawler's QAP

|
|
| u | : St
Ib;i E> @E DED
: i
| |
|

- = 13
:. -
Ooo0oo

E e
affinity matrix association graph, embeddings  Sinkhorn

OoOooo

- Affinity matrix — Matching matrix

- We adopt vanilla GCN for 1ts effectiveness and
simplicity:

111“.:] - AIW_].-,”_(V(LT_I)) n -f"”(vk—l)‘ V“:) o 1]1“\:) (6)




Channel-wise Edge Embedding

Split over Edge embedding as channel-
—_— wise adjacency matrices
channels \
Edge Embedding (NxN)xC
NxNxC X x C
Split over
—_— / New Node Embedding
channels NxC
Node Embedding (N) x C
N x C
edge embedding | EGNN(C) [14]  HyperConv [15] I Ours Eq. (12) I

accuracy 53.3 55.9 | 66.1 I

Further improvement can be achieved, namely NGM+.




Sinkhorn Embedding

reshape 0
5 i .
|:> - |:> a |:> Enforcing matching
O . . .
3 constraint during embedding
scoring matching
scoring matrix matrix 1.01 —— NMGM
(vectorized) Q 0.0 —e— NHGM
' —— NGM
ﬁ 0.8 +=< —4— NGM-V
fc matching Performance Gain RRWM
(vectorized) =007
@ < 0.5
0.41
0.21
node embedding Sinkhorn embedding 0.00 0.2 004 006 008 0.10

o, (5=09,s5,=1.1)

model | baseline NGM  + node affinity |+ Sinkhorn embedding I
accuracy (rel.) | 58.7 59.6 (+0.9) I 64.1 (4+4.5) I




Extension to Hyper-Graph Matching

Neural Graph Matching I:> Neural Hyper Graph Matching
(NGM) (NHGM)

1st, 2nd features E> higher order features
association graph IZ> association hypergraph

aggregation along edge aggregation along hyperedge

(a) association graph (b) graph matching (c) association hypergraph




Extension to Multi-Graph Matching

- End-to-end Multi-Graph Matching via Permutation

Svynchronization:

D. Pachauriy, R. Kondorx, V. Singh, Solving the multi-way matching problem by
permutation synchronization, in NIPS 2013

1) Get pairwise matching result by NGM
2) Build joint matching matrix
3) Compute leading eigenvectors

- — A e e e o o — ]—l] —
. Multi-graph Matching 2

Compute
leading N
eigenvectors

(N=3)

permutation joint matching

|
|
|
|
|
|
|
|
| . : .
| S}fl'lCl'll‘Dl] 1zation martrix

— e — — — e — e o




Synthetic Point Registration
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0.94
0.81
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(a] O O -
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Figure 3. Synthetic test by varying deformation level o,,, number of outliers and graphs. This test involves purely learning a combinatorial
solver for QAP, rather than any affinity model. This feature is not supported in GMN [39] and PCA-GM [32] thus they cannot be compared.

(a) NGM & NHGM performs comparatively against powerful RRWM
(b)(c) NHGM shows 1ts robustness against deformation and outliers
(d) NMGM gains steadily w.r.t. number of graphs.




Relative ohjective

QAPLIB Benchmark

—t— NGM

—0.75

/ bur26a 3 382 2 227404

NGM Outperforms popular SM and ] 274630
RRWM on most instances

ERUEE 5801101 5894 25410 206570

=

nug2s JEEER 5998 80 1428212 | 334760

The learned solver generalizes
soundly to unseen QAP instances

Training instance

scrz20 8 3 138020

tai25a 5 2 0 239580 346560

thod( Sl 5944 2791¢ PRSIV 1484768 | 303772

bur26a had1s kra30a nug2s scr20 taiZba thodn
Testing instance

(b) Confusion matrix




Real Image Matching

mclh0d|acr0 bike bird boat bottle bus car cat chair cow table dog horse mbike person plant sheep sofa train tv |mcan

RRWM [9](41.5 54.7 54.3 50.3 67.9 743 70.3 60.6 42.3 59.1 48.1 57.3 59.1 56.2 40.6 69.6 63.1 52.2 76.3 87.8]/59.3
GMN [39](31.9 47.2 51.9 40.8 68.7 72.2 53.6 52.8 34.6 48.6 72.3 47.7 548 51.0 38.6 75.1 49.5 45.0 83.0 86.3| 55.3
PCA-GM [321]/40.9 55.0 65.8 47.9 76.9 77.9 63.5 67.4 33.7 65.5 63.6 61.3 68.9 628 449 775 67.4 57.5 86.7 90.9| 63.8

NGM (ours)[50.1 63.5 57.9 53.4 79.8 77.1 73.6 68.2 41.1 66.4 40.8 60.3 61.9 635 456 77.1 693 65.5 79.2 88.2| 64.1
NHGM (ours)|52.4 62.2 58.3 55.7 78.7 77.7 74.4 70.7 42.0 64.6 53.8 61.0 619 060.8 46.8 79.1 66.8 55.1 80.9 88.7| 64.6
NGM+ (ours)[50.8 64.5 59.5 5§7.6 79.4 76.9 74.4 69.9 41.5 62.3 68.5 62.2 624 64.7 47.8 78.7 606.0 63.3 81.4 89.6/ 66.1

Table 1. Accuracy (%) on Pascal VOC Keypoint. We test our proposed NGM, NHGM, NGM+ with RRWM [9], GMN [39], PCA-GM [32].

- NGM performs comparatively as

PCA-GM (even Sllghtly better) method Ld}:[rj face ~m-bike car duck w-bottle
HARG-SSVM [8] | x | 912 444 584 552 666
- NHGM outperforms NGM by rd GMN([39] | v | 993 714 743 828 767
d ffinit PCAGM[32] | v 11000 767 840 935 969
oraer allnity NGM | x | 992 821 841 774 935
NMGM-3-T | x | 994 846 913 831 946
- NMGM achieves improvement by NMGM-6T | x | 995 873 904 823 943
: ) : : NMGM-3 | x| 100.0 848 972 881 949
fusmg multl-graph information NMGM-6 | x | 100.0 860 973 854  97.7

Table 2. Accuracy (%) on Willow ObjectClass dataset.
- NGM+ reaches state-of-the-art
performance




Outline

- Introduction
- Background: Learning on Graph Matching

- Embedding approach for Deep Graph
Matching

- Other techniques
- Outlook

- Brief experience sharing




Joint matching and cuts (CVPR’18)

Problem formulation: Joint cuts and
matching of two objects in one single 1image
Motivation: graph cuts aim to separate
dissimilar objects, matching aims not
Limitation: the key points are assumed to
be detected in prior.

(m) CutMatch-cuts: 19/20  (q) CutMatch-match: 20/20
(0) CutMatch-cuts: 15/15 (s) CutMatch-match: 7/15

(p) CutMatch-cuts: 15/18 (1) CutMatch-match: 4/18 (n) CutMatch-cuts: 25/25  (r) CutMatch-match: 16/25

T. Yu, Junchi Yan et al, Joint Cuts and Matching of Partitions in One Graph, CVPR 2018.



Maln ldea Joint Cuts and Matching of Partitions in One Graph,

(CVPR’ 1 8) CVPR”201 8

Ground-truth partitions and matchings Initig

Y
" T

SRR .y Ly

(S Q. T e min —- Graph cuts

| |z - R Yy
075 |—#= Raw cus “a
. . L . . . . T Graph matchin
DO 002 004 006 003 01 012 014 016 018 02 U-?U 002 004 0068 008 01 012 014 016 018 02 max Vec (X) Avec (X) p g
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Accuracy

Clustering aware matching
(AAAT20, NeurIPS’ZO)

Clustering-aware Multiple Graph Matching via Decayed
Pairwise Matching Composition, AAAI 2020

Graduated Assignment for Joint Multi-Graph Matching and
Clustering with Application to Unsupervised Graph Matching
Network Learning, NeurlPS 2020 : :

S " ; ) N e ! )
O : \\ I(A\ \\ g
L -, \ s £

obtain the N

P = e \ “" build MST usin N \ e refine and obtain i : i
. pairwise afﬁ?"'ty . O"" affinity s:oreg . O’, matching score via i tlsl?set':etri;:l
@) score | the path of MST j 9 3 Q.
: edge with low score edge with relatively low score :
i —.—-- edge with medium score —.—-- edge with relatively high score edge refined in the MST e
«—== edge with high score .—==~ edge chosen in maximum spanning tree 2
Multiple Graph Matching Solver
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Incremental matching

KCCV'18, ECCV'20

Non-leaf
graph

Arriving
graph Intersection

graph

Leaf graph

Y

Cover New arrival
complex graph Seed _Ex:;ndt;d .
neighbourhood ~ Me€'ghbourhoo
50
0.95
0.90 T e 0.90 20 cag-c-inc
P —— cao-c-raw

085 o100 5‘-0.85 ——imgm-d
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Figure 2. Evaluation on synthetic deformed graphs in online IMGM setting. LNE-IMGM is our method.
T. Yu, J. Yan, W. Liu, B. Li, Incremental Multi-graph Matching via Diversity and Randomness based Graph Clustering,
ECCV 2018
Z. Chen, Z. Xie, J. Yan, Y. Zheng, X. Yang, Layered Neighborhood Expansion for Incremental Multiple Graph
Matching, ECCV 2020




Large-scale graph matching for
social networks/bioinformatics

Facebook Twitter
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Joint matching and link
prediction (IJCAI'19/TKDE’20)

Problem: Joint matching and link ~_ @
prediction NETWORKG/ NETWORK G’ e
Motivation: two can benefit each othe _— """’/H /e/
Limitation: result relies on data’s o\ @\\ /

distribution.

Figure 1: Illustration for how joint modeling of link prediction and
network alignment can benefit to each other. Given the correspon-
dence v1 = m(u1),v2 = m(u2), itis convincing that (v1, v2) should

Assumption
A person in different social networks

will have: be linked as (w1, u2) is linked. On the other hand, if (w4, us) and
similar degrees (v4, v5) are not linked, w4 will be unlikely to link to v4 since they
similar neighbors (friendship) bear different local structures. Conversely, if (w4, us) and (v4, vs)
similar attributes (name, age, sex, are linked, w4 1s more likely to align with vy (similarly us corre-

. sponds to v5), as they have similar local structures.
location, text...) P s) y

Joint Link Prediction and Network Alignment via Cross-graph Embedding, IJCAI 2019
Cross-network Skip-gram Embedding for Joint Network Alignment and Link Prediction, TKDE 2020




Construct an undirected
compound network

For each account u in G and v in G’, we denote w(u, v) as the weight
between u and v. Then, an undirected compound network is obtained.

R/

NETWORK G \ AN / R

AT

GROUND TRUTH
LINKS —
/ AR ans
NETWORK G’ i/ ZT Y

| e

CROSS-NETWORK
WEIGHTS

Figure 2: Weighted, undirected network G consisting of two net-
works with cross-graph links among vertices in two networks.




Embedding visualization
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Figure 7: Distribution of embedded vertices using different em-
@ bedding techniques. The embedding vectors are decomposed to 2-
o dimension using principle component analysis (PCA).




Learning to solve Graph Edit Distance (CVPR21):
The Best of Two Worlds:
Compute h(p) in A® by Neural Network

Input graphs
—
o _»é} S— _-‘_-_7-.—*'[ Embedding 1 ]
% "~ | Attention \ Output h(p)
o Cached Node
Q Embeddings Neural Tensor Predicted
& (Masked) Network Similarity h(p)
S
)

' ‘ == Embedding 2 |

Attention

Source Graph GED=1.62 GED=1.94 GED=2.34 GED=3.80

Combinatorial Learning of Graph Edit Distance via Dynamic Embedding. In CVPR 2021.



Joint Graph Edge Building and Matching (ICML/’21)

€1/L
Aeunepa( uo Wogg

£1/6
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Figure 1. Matching of BBGM (Rolinek et al., 2020) 7/13 with
Delaunay triangulation and our DLGM-G 9/13 using generated
graph (Pascal VOC). Red edges are the ones different from blue
Delaunay edges. Cireen and lines correspond to positive
and negative matchings, respectively. GM solver favors topology
generated from DLGM-G, and thus leads to better accuracy.

Deep Latent Graph Matching, ICML 2021
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# Inference (E-step):

Obtain predicted matching Z using fixed Fy;
Update Q4 (i.e. N¢) with loss L, + ﬁc(\Z) accord-
ing to Eq. (16);

# Learning (M-step):

Obtain predicted graph topology A® and AW using
Qg

Update Py (i.e. Np and Ng) with loss £, given
A® and A® according to Eq. (17);




Outline

- Introduction
- Background: Learning on Graph Matching

- Embedding approach for Deep Graph
Matching

- Other techniques
- Outlook




Summary

- Introduction on graph matching
- Learning of graph matching

- Embedding based deep graph matching
pipeline

- Other techniques
- Joint graph matching and graph cut
- Joint graph matching and clustering
* Incremental matching of multiple graphs
- Joint link prediction and matching
- Optimal transport examples




Outlook

- Large-scale & robust network alignment
- Incremental matching of graphs online

- Matching against massive outliers

- Discovery and construction of graphs

- Meta-learning of graph matching solvers

- Multi-task with graph matching e.g. cut,
link prediction etc.
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