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Unconstrained Optimization Revisited

Find a minimizer of a function without any constraints:

min
x

f(x) s.t. x ∈ Rn. (1)

In general, f(x) is a differentiable function.

Figure: Examples of minimization
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Unconstrained Optimization

General optimization scheme takes 3 iterative steps:

Algorithm 1 General Iterative Optimization Scheme

Given an initial point x0.
for k = 0, 1, ... do

Find a descent search direction pk;
Find a suitable step size θ;
Set xk+1 := xk + θkpk.

end

Figure: Examples of minimization
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Unconstrained Optimization

General optimization scheme contains 3 iterative steps:

Two things need to consider:

Find a feasible search direction or descent direction p
Find a suitable step size θ?

pk is a descent direction, if

p>k∇f(x) < 0. Why?

Methods for adjusting step size

Exact line search
Fixed step step size
Diminishing step size: αk → 0 and

∑
k αk =∞

Backtracking Armijo line-search
Strong Wolfe-line Search
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Constrained Optimization

Find a minimizer with constraints:

min
x

f(x) s.t. x ∈ ∆. (2)

Optimization over non-convex domain is very difficult:

xk+1 := xk + θkpk

(a) Convex set (b) Non-convex set

Figure: Convex set: The line segment lies completely within the set.
Non-convex set: Red part of the line segment lies outside of the set.
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Non-convex but Simple Constraints

∆ can be following non-convex sets:
Sphere constraint

Sn−1 = {x : ||x||2 = 1,x ∈ Rn}

Orthogonal constraint

O = {X : X>X = I,X ∈ Rn×p}

Oblique constraint

OB = {X : diag(X>X) = I,X ∈ Rn×p}

Low-rank constraint

Mr = {X : rank(x) = r,X ∈ Rn×p}

These constraints are hard to handle by traditional
methods, e.g. penalty methods
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Typical Applications

Rayleigh quotient:

min
x

x>Ax, s.t., ||x|| = 1. (3)

Sparse PCA:

min
X

− tr(X>AX) + λ||X||1, s.t., X>X = I. (4)

Matrix recovery

min
X

1

2
‖b−A(X)‖22, s.t. rank(X) = r. (5)
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Connections to Manifold

Unit sphere S2 = {x : ||x||2 = 1,x ∈ R3}

Figure: Example: The Earth surface is a two-dimensional Manifold
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Connection to Manifolds

Stiefiel manifold O = {X : X>X = I,X ∈ Rn×p}
Oblique manifold OB = {X : diag(X>X) = I,X ∈ Rn×p}
Low-rank manifold Mr = {X : rank(x̄) = r,X ∈ Rn×p}

Figure: Demonstration of more general manifolds.
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Riemannian Manifold

Riemannian Manifold

A Riemannian manifold (M, g) is a real smooth manifold M
equipped with an Riemannian metric gx on the tangent space
TxM at each point x that varies smoothly from point to point.

Smoothness

Tangent space TxM
Riemannian metric, e.g.,

gx(A,B) = tr(A>B), ∀A,B ∈ TxM
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Tangent Space

Tangent vector

A tangent vector on M at a point X is thought of as the
“velocity” of a curve passing through the point X.

Tangent space

The tangent space to M at X, denoted by TXM, is the set of
all tangent vectors to M at X.

Figure: Tangent space
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Riemannian gradient

Find a minimizer of a function under manifold constraints:

min
x

f(x) s.t. x ∈M. (6)

Gradient in vector space

Suppose f(x) is differentiable, G = ∇f(X),∀X ∈M

Riemannian Gradient

The Riemannian gradient is the orthogonal projection of G
onto TXM ,

gradf(X) = PTXM(G)
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Steepest Descent on Riemannian Manifold

Algorithm 2 Steepest Descent on Riemannian Manifold.

1: Initialize X0 and ζ0 = 0. Let k = 0.
2: Compute the Riemannian gradient gradf(Xk).
3: Compute the decent direction ζk = −gradf(Xk).
4: Choose a suitable step size θk.
5: Update by doing Retraction:

Xk+1 = PMr(X + θζ) = RXk
(θkζk)

6: Terminate if stopping conditions are achieved; otherwise, let
k = k + 1 and go to step 1.

Two new terminologies:

Riemannian gradient

Retraction
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Retraction

The Retraction mapping lets a point X + θζ in the tangent
space go back to the manifold:

RX(θζ) = PMr(X + θζ) (7)

Figure: Retraction
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Riemannian Optimization

(a) Riemannian optimization (b) Traditional optimization

Figure: Comparison of Riemanian optimization and traditional
optimization

16 / 53



CCF-CV 2017,
Guangzhou,
4-28, 2017

Mingkui Tan

Optimization
in Euclidean
Space

Why Manifold
Optimization

Optimization
on Manifold

Riemannian
Pursuit for
Matrix
Recovery

Typical
Applications

Collaborative
Filtering Tasks

HDR Imaging

Conclusions

Conjugate Gradient Descent on Manifold

Steepest gradient in general is very slow

Conjugate gradient descent is a good choice.
Let ζk−1 be a search direction at (k − 1)th iteration, we
may compute the conjugate search direction:

ζk = −gradf(Xk) + βtζk−1, (8)

where βk can be calculated by Fletcher-Reeves (F-R) rule

But notice:

gradf(Xk) and βtζk−1 are in different tangent spaces!
Thus, Eq. (8) is not valid!
We still need a new operator: Vector Transport:

TXk−1→Xk
(ζk−1)
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Vector transport

Vector Transport

A Vector Transport T on a manifold Mr is a smooth map
which transports tangent vectors from one tangent space to
another

Figure: Conjugate search direction.
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Nonlinear Conjugate Gradient Descent

Algorithm 3 Nonlinear Riemannian Conjugate Descent.

1: Initialize X0 and ζ0 = 0. Let k = 0.
2: Compute the Riemannian gradient Ek = gradf(Xk).
3: Compute the conjugate direction ζk according to

ζk = −Ek + βkTXk−1→Xk
(ζk−1).

4: Choose a step size θk satisfying the strong Wolfe conditions,
and set Xk+1 = RXk

(θkζk).
5: Terminate and output Xk+1 if the stopping conditions are

achieved; otherwise, let k = k + 1 and go to step 1.
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Matrix Recovery (MR)

Matrix Recovery (MR)

Given a matrix X̂ ∈ Rm×n, and linear measurements of by
b = A(X̂) + e, where A : Rm×n → Rl is a linear operator and
e denotes noise. Matrix recover is to recover X̂ by solving

min
X

f(X), s.t. rank(X) ≤ r, (9)

where l� mn, and f(X) = 1
2‖b−A(X)‖22.

The linear operator A measures partial information of X̂.

We use A∗ as the adjoint operator.

If A is a matrix A, its adjoint operator is A>
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Application of Matrix Recovery

The definition of A depends on specific applications:

Matrix completion [Recht et al.(2010)]:

HDR imaging [Deng et al.(2013)]

Matrix learning & factorizations [Laue(2012)]

Low rank structure learning or
clustering [Deng et al.(2013)]

....
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Recommender System

Figure: An example of a user/item rating matrix on movies.
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Low Rank Assumption

Recovering X̂ from partial observations b is impossible in
general.

Low-rank assumption: rank(X̂)� min(m,n).

In collaborative filtering tasks, items from same group may
have similar actions.
Faces from a same person lie on a low-dimensional
manifold (Yan, et al. , 2007).
Clean images often have low-rank structures.
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Existing MR Methods

Minimizing f(X) with rank constraint rank(X) ≤ r NP-hard.

Figure: Matrix factorization: X = UV>

Difficulty: the rank r is usually unknown.

How to estimate r?

Some notations.

Let X = U(diag(σ))V> be the SVD of X ∈ Rm×n. The
nuclear norm of X is ‖X‖∗ = ‖σ‖1 =

∑
i |σi|.

The condition number κr(X) of X w.r.t. given rank r is
κr(X) = σ1/σr
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Existing methods

1 Nuclear-norm convex relaxations [Candés & Plan(2010a)]:
Replace the rank constraint by ||X||∗ ≤ v for some v > 0.

2 Fixed-rank methods (relaxations):
Assume rank(X) = r, where r is supposed to be known.

3 Other methods: Max-norm based methods, p-norm
non-convex methods (0 < p < 1), and so on
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Nuclear-norm Convex Relaxations

Two kinds of trace-norm relaxations are usually studied:

Nuclear-norm minimization with equality constraint

min
X
‖X‖∗, s.t. A(X) = b, (10)

Typical methods:

Singular Value Thresholding (SVT) [Cai et al.(2010)]
Augmented Lagrangian method (ALM) [Lin et al.(2010)]

Matrix lasso problem:

min
X,ξ

λ‖X‖∗ +
1

2
‖ξ‖22 : ξ = b−A(X), (11)

Typical methods:

Accelerated Proximal Gradient (APG) [Toh & Yun(2010)]
Stochastic Gradient methods
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Nuclear-norm Convex Relaxations

Advantages:

A global solution can be obtained by convex optimization
methods (but may not be unique)

Good RIP guarantees for exact matrix recovery, namely,
γr ≤ 1/3 (Cai et al. , 2013)

Disadvantages:

Require cold-started SVDs.

Very expensive for large-scale problems.

Has solution bias due to the nuclear-norm
regularization [Vandereycken(2013)].
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Challenges

Avoid cold-started SVDs and estimate correct rank
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Fixed-rank Methods

The fixed-rank methods solve the following problem:

min
X

f(X), s.t. rank(X) = r. (12)

Here, r is supposed to be known.

Non-convex

Many efficient local-search methods have been proposed:
Greedy methods:

Singular Value Projection (SVP) [Meka et al.(2009b)]
Atomic Decomposition for Minimum Rank Approximation
(ADMiRA) [Lee & Bresler(2010)]

Stochastic Gradient methods [Wen et al.(2012)].
Manifold optimization methods:

Low-rank geometric conjugate gradient method
(LRGeomCG) [Vandereycken(2013)]
The quotient geometric matrix completion method
(qGeomMC) [Mishra et al.(2012)]
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Differential Geometry of Fixed-rank Matrices

Smooth manifold Mr of fixed-rank matrices:

Mr = {X ∈ Rm×n : rank(X) = r}
= {Udiag(σ)V> : U ∈ Stmr ,V ∈ Stnr , ||σ||0 = r},

Stiefel manifold: m× r real and orthonormal matrices:
Stmr = {U ∈ Rm×r : U>U = I}
The tangent space TXMr of Mr at X = Udiag(σ)V>:
TXMr = {UMV>+UpV

>+UV>p : M ∈ Rr×r,Up ∈
Rm×r,U>p U = 0,Vp ∈ Rn×r,V>p V = 0}
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Differential Geometry of Fixed-rank Matrices

Riemannian gradient of f on Mr:

Riemannian gradient is the orthogonal projection of
G = ∇f onto TXMr.

The orthogonal projection of any G ∈ Rm×n onto TXMr

at X = Udiag(σ)V> is defined as

Gradf(X) = PTXMr
(G) : G 7→ PUGPV + P⊥U GPV + PUGP

⊥
V , (13)

where PU = UU> and P⊥U = I−UU> for any U ∈ Stmr .
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Differential Geometry of Fixed-rank Matrices

Retraction:

The Retraction mapping lets a point X + E in the tangent
space go back to the manifold:

RX(E) = PMr (X + E) =

r∑
i=1

σipiq
>
i . (14)∑r

i=1 σipiq
>
i denotes the best rank-r approximation to X + E

by the SVD.

Retraction can be calculated with O((m+ n)r2) cost.
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Fixed-rank Methods

Advantages of Fixed-rank Methods:

Fixed-rank methods have superior scalability compared
with nuclear-norm based methods [Vandereycken(2013)]

Manifold optimization methods involve simple
matrix-products, and easy for parallel computing

Disadvantages

How do we know the rank r?

Greedy methods require restricted conditions to converge

Convergence Issues: If X̂ is in ill-conditioning, existing
fixed-rank methods may converge very slowly
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Motivations

Fixed-rank methods require explicit knowledge of the rank

Two Questions:

1 How to avoid the rank estimation?
2 How to avoid the convergence issue on ill-conditioned

problems?
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Active Subspace Search

Ideally, we hope A(X)− b = 0 or

G = A∗(A(X)− b) = 0

Residual: Q = G− PTXMr(G)

Select new subspaces of rank ρ from Q

Add new subspaces to the original manifold

Essentially, we increase the rank by ρ
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Riemannian Pursuit

Algorithm 4 Riemannian Pursuit for MR.

1: Initialize X0 = 0 and G = A∗(ξ0). Let t = 1 and r = ρ.
2: Perform an active-subspace search as follows.

(2a): Compute Q = G− PTXMr(G).
(2b): Compute a best rank ρ approximation of Q:

Ht−1
2 = Uρdiag(σρ)Vρ

>

3: Let Ht−1
1 = PTXMr(G) and Ht−1 = Ht−1

1 + Ht−1
2 .

(3a): Choose a proper step size τt and set

Xintial = RX(−τtHt−1). (Warm Start)

(3b): Update Xt by Xt =NRCG(Xintial, εin).
4: Update r = r + ρ, ξt = b−A(Xt) and G = A∗(ξt).
5: Quit if stopping conditions achieve, otherwise, let t = t+ 1,

and go to Step 2.
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Main Theoretical Results

Convergence

Let {Xt} be the sequence generated by RP, then f(Xt)
decreases monotonically w.r.t. t

Convergence speed

Let {Xt} be the sequence generated by RP, as long as
f(Xt) > f(X̂) = C

2 ||e||
2 (where C > 1), and there exists an

integer ι > 0 such that γr+2ιρ < 1/2, then RP decreases
linearly in objective values when t < ι, namely
f(Xt+1) ≤ νf(Xt), where

ν =

(
1− ρζ

2r

(
C(1−2γ(r+2ιρ))

2

(
√
C+1)2(1−γ(r+2ιρ))

)
(1− 1√

C
)2

)
.

37 / 53



CCF-CV 2017,
Guangzhou,
4-28, 2017

Mingkui Tan

Optimization
in Euclidean
Space

Why Manifold
Optimization

Optimization
on Manifold

Riemannian
Pursuit for
Matrix
Recovery

Typical
Applications

Collaborative
Filtering Tasks

HDR Imaging

Conclusions

Stopping Conditions of RP

RP monotonically decreases the objective values. It may
increase the rank until tρ = min(m,n), leading to
over-fitting issue.

To avoid this, we propose to stop if

2(f(Xt−1)− f(Xt))/(ρ‖b‖22) ≤ εout, (15)

where εout is a predefined tolerance value.

When it is stopped, a rank is returned!
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Riemannian Pursuit

Algorithm 5 Riemannian Pursuit for MR.

1: Initialize X0 = 0 and G = A∗(ξ0). Let t = 1 and r = ρ.
2: Perform an active-subspace search as follows.

(2a): Compute Q = G− PTXMr(G).
(2b): Compute a best rank ρ approximation of Q:

Ht−1
2 = Uρdiag(σρ)Vρ

>

3: Let Ht−1
1 = PTXMr(G) and Ht−1 = Ht−1

1 + Ht−1
2 .

(3a): Choose a proper step size τt and set

Xintial = RX(−τtHt−1). (Warm Start)

(3b): Update Xt by Xt =NRCG(Xintial, εin).
4: Update r = r + ρ, ξt = b−A(Xt) and G = A∗(ξt).
5: Quit if stopping conditions achieve, otherwise, let t = t+ 1,

and go to Step 2.
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Fixed-rank subproblem

Step (3b) (Update Xt by Xt =NRCG(Xintial, εin)) is to
solving the following problem:

min
X

f(X), s.t. rank(X) = tρ. (16)

ρ is much smaller than r̂, thus tρ < r̂.

Smaller condition number:

κtρ(X) = σ1/σtρ < κr(X) ≤ ∞.

Faster convergence speed with a small condition number.

Selection of ρ is important.
Setting ρ = 1 is the simplest way, but ρ > 1 is better.
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Nonlinear Riemannian Conjugate Gradient (NRCG)

Algorithm 6 NRCG for solving fixed-rank minimization problem.

1: Initialize X1 = Xintial and ζ0 = 0. Let k = 1.
2: Compute the Riemannian gradient Ek = gradf(Xk).
3: Compute the conjugate direction ζk according to

ζk = −Ek + βtTXk−1→Xk
(ζk−1).

4: Choose a step size θk satisfying the strong Wolfe conditions,
and set Xk+1 = RXk

(θkζk).
5: Terminate and output Xk+1 if the stopping conditions are

achieved; otherwise, let k = k + 1 and go to step 1.
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Experiments

Toy Experiments for Convergence Comparison

Real-world Experiments on Collaborative Filtering Tasks
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Toy Experimental Settings

Methods for comparison:

LRGeomCG, qGeomMC, ScGrassMC, SVP, ADMiRA,
SpaRCS, GECO and APG.

Except GECO and APG, others are fixed-rank methods.

Toy experimental setting

We generate ground-truth X̂ by X̂ = Ûdiag(σ̂)V̂> + e,
where σ is a r̂-sparse vector, Û ∈ Stmr , and V̂ ∈ Stnr .

Two kinds of singular values are studied:
1) Gaussian sparse singular value vector sg sampled from
the Gaussian distribution N(0, 1000);
2) χ2 sparse singular value vector s2

χ, where each entry is
the square of sg.
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Toy Experiments for Convergence Comparison
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(a) Relative objective values on
sg, where ρ w.r.t. different η’s is
1, 8, 14, 18, respectively.

0 50 100 150 200

10
−8

10
−6

10
−4

10
−2

10
0

Time (in seconds)

R
el

at
iv

e 
O

bj
ec

tiv
e 

V
al

ue

 

 

ScGrassMC
LRGeomCG
LMaFit
qGeomMC
RP(η = 1.00)
RP(η = 0.75)
RP(η = 0.65)
RP(η = 0.55)
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s2χ, where ρ for different η’s is 1,
4, 6, 12, respectively.

Figure: Convergence of comparison methods on sg and sχ2 .

RP with different ρ converges well on ill-conditioned problems.

Other algorithms have convergence issues.
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Experiments on Collaborative Filtering Tasks

Table: Experimental results on real-world datasets. The average
ranks estimated by APG, Lmafit-A and RP on Movie-10M are 100,
77 and 10, respectively. The average ranks estimated by Lmafit-A
and RP on Netflix are 81 and 12, respectively

Dataset
Movie-10M Netflix-100M

RMSE Time (seconds) RMSE Time (seconds)
APG 1.096 1048±17 - -

LRGeomCG 0.824 338±11 0.867 3128±35
QgeomMC 0.850 189±7 0.880 3965 ± 74

Lmafit 0.837 307±1 0.875 3798±50
Lmafit-A 0.969 421±16 0.962 5286±165

RP 0.817 81±1 0.859 1332±27

RP performs best among all the methods in terms of
RMSE and computational efficiency.

RP is much faster if the model selection cost is considered.
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HDR Imaging

HDR imaging [Oh, et al. , TPAMI 2015]

High dynamic range (HDR) imaging aims to

Remove the outliers from a set of low dynamic range
(LDR) images

Generate a ghost-free HDR image
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Compared Methods

Ours with RP

min
X
||PΩ(Y)− PΩ(X)||1, s.t. rank(X) = r, (17)

PSSV [Oh, et al. , TPAMI, 2016]

min
X,E
||X||r + λ||E||1, s.t. Y = X + E, (18)

LMAFIT [Shen, et al. , 2012]

min
X,U,V

||Y −X||1, s.t. X = UV>. (19)

RegL1

min
U,V
||Y −UV>||1 + λ||V||∗, s.t. U>U = I. (20)
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HDR Results

(a) Our method (b) PSSV

(c) LMAFIT (d) RegL1

Figure: HDR imaging results on Waterfall. Water drops around the
target waterfall are the target outliers to be removed.
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HDR Results

(a) Our method (b) PSSV

(c) LMAFIT (d) RegL1

Figure: HDR imaging results on Desk. The toy is the target outlier
to be removed.
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HDR Results

(a) Our method (b) LMAFIT (c) RegL1

Figure: HDR imaging results on Desk-full. The toy is the target
outlier to be removed.
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Conclusions

Riemannian optimization is effective in dealing with
manifold constraints.

We propose a Riemannian Pursuit (RP) for tackling Big
Matrix Recovery problems.

We apply RP to handle various machine learning and
computer vision problems.
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Thank you for your attention!
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